We present a model to account for the observed debris disks around young white dwarfs and the presence of metal-lines in their spectra. Stellar evolution models predict that the mass-loss on the AGB will be pulsed; furthermore, observations indicate that the bulk of the mass-loss occurs on the AGB. In this case, if the progenitors of the white dwarfs had remnants of planetary formation like the Sun's Oort cloud or the Kuiper Belt and a planet lying within that cloud or nearby, we find that up to 2% of the planetesimals will fall either into planet-crossing orbits or into chaotic regions after the mass-loss, depending on the location and mass of the planet (from Mars to Neptune). This yields a sufficient mass of comets that can be scattered toward the star, form a debris disk and pollute the atmosphere.
INTRODUCTION
The observation of metal absorption lines in the spectra of many white dwarfs in the last few decades has presented a theoretical challenge (Cottrell & Greenstein 1980; Koester et al. 1982; Lacombe et al. 1983; Zeidler-K.T. et al. 1986 ). The atmospheres of white dwarfs, whether they are hydrogen-or helium-dominated, possess short sedimentation timescales for heavy elements (Dupuis et al. 1992) . For this reason, it is hard to explain the observed metal excess by the means of the stars' internal evolution only; metals have to be continuously accreted onto the surface of the white dwarf from external objects. Farihi et al. (2010) argue that the population of DZ white dwarfs (those with metal lines) is similar to DB white dwarfs (those that lack hydrogen); therefore, it is difficult to account for the lines by invoking interstellar accretion, which would bring hydrogen as well. They suggest that the DZ white dwarfs accrete planetesimals. The lack of hydrogen in polluted white dwarf spectra (Jura 2006; Gänsicke et al. 2012) , even if with exceptions (Xu et al. 2017) , appears to indicate that water-rich planetesimals like comets are unlikely to be the pollutants. However, young white dwarfs are very luminous, so if comets were to be processed in a debris disk, they could lose most of the volatiles before accreting onto the white dwarf's atmosphere. In support of this picture, since 2007, many white dwarfs have been observed to possess an IR excess in their spectra (Su et al. 2007 ) that can be explained by the presence of a debris disk. In the case of the central star in the He-E-mail: ilariacaiazzo@phas.ubc.ca lix Nebula, the mass of this disk is estimated to be 0.13M⊕ (Su et al. 2007 ). It has been estimated that about 15% of young white dwarfs possesses a debris disk (Chu et al. 2011 ).
The formation of the debris disk represents another puzzling problem. In the commonly accepted scenario, small rocky bodies, like asteroids, are accreted onto the white dwarf thanks to their interaction with planets that have survived the post-main-sequence evolution of the star. This scenario, however, is hard to implement in reality because, during the last stages of stellar evolution, the inner solar system will evolve adiabatically (Veras et al. 2013; Parriott & Alcock 1998; Farihi et al. 2010) , which means that the orbits of all the planets and asteroids will only scale up and this makes it difficult for them to be tidally disrupted. Models have also been developed in which the metals are accreted from bodies coming from beyond the ice line (Alcock et al. 1986; Stone et al. 2015) . In these models, extremely strong stellar winds or large white dwarf kicks have been proposed to explain how the orbits get disrupted. A review of the models proposed can be found in Veras (2016) . Bonsor et al. (2011) hypothesize the presence of a planet close in semi-major axis to a Kuiper belt-like cometary population to explain how comets' orbits can be perturbed at the end of a star's post-main sequence. We develop this idea further, showing how the number of comets entering the chaotic regions close to the planet is enhanced when one considers realistic mass-loss timescales on the asymptotic giant branch. Furthermore, we show that if the planet's orbit lays further out in semi-major axis, closer to the Oort cloud, the non-adiabatic evolution of objects in this region increases the number of comets that end up on unstable orbits by up to almost two orders of magnitude (0.07%-1.85%).
During the post-main sequence stages of a star's evolution, as the star loses a large fraction of its mass, the semimajor axis of the objects in the inner star system expand adiabatically, because the mass-loss timescale is large compared to their orbital periods. During the adiabatic expansion, the product M a between the star's mass and the semimajor axis of the orbiting object remains constant because it is an adiabatic invariant. This means that all the orbits only scale up during the mass-loss phase; however, chaotic regions around planets can grow as the relative influence of the planets compared to the star increases, leading a small number of planetesimals to end up on unstable orbits. For objects in the outer stellar system, this approximation does not hold because their orbital frequencies and the star's relative mass-loss rate can be comparable. In this region, orbits don't scale up, but they evolve impulsively and their evolution depends on the true anomaly of the objects at the moment of the mass-loss (see § 3). If a planet is close enough, comets can still fall into its chaotic regions because the regions themselves grow, but many more will end up on planet-crossing orbits owing to non-adiabatic evolution.
The position of the adiabatic-to-impulsive transition region depends on the star's mass-loss rate. In § 2, we employ MESA stellar evolution code (Paxton et al. 2011 ) to obtain models for stellar evolution with different mass-loss rates on the red giant branch (RGB) and on the asymptotic giant branch (AGB) to see how the different evolution paths affect the expansion of orbiting objects' semi-major axis. We show that, for stellar evolution models in which the bulk of the mass-loss happens on the RGB, the orbital evolution is impulsive only for objects with semi-major axis a 10 5 AU. On the other hand, when the star loses its mass mainly on the AGB, the mass-loss is rapid enough that objects in the same position as our Oort cloud (between 10 3 and 10 5 AU) evolve impulsively. In order to simulate the evolution of a large number of comets with different mass-loss models, we use an interpolation formula ( § 3) to describe the adiabatic-to-impulsive transition region. Investigation the full two-body point-mass problem is possible, even if more demanding computationally (Veras et al. 2011) . In § 4 we argue that, if there is a planet in the same region as the Oort cloud (or the Kuiper belt), it can scatter comets to eccentricities high enough that they can reach close to the white dwarf and ultimately accrete onto it. In § 5 we describe different possible scenarios in which cometary reservoirs like our Kuiper belt and our Oort cloud can provide the amount of planetesimals needed to account for white dwarfs' metal lines and debris disks.
MASS-LOSS MODELS
We use a suite of mass-loss models calculated with MESA (Paxton et al. 2011) and calibrated for the mass-loss history of the stars in 47 Tucanae for which we have direct evidence of the epoch and extent of mass-loss (Heyl et al. 2015; Parada et al. 2016) . These recently evolved stars had initial masses of 0.9 solar masses and resulted in 0.53 solar mass white dwarfs (Kalirai et al. 2009 ), so the total fractional mass-loss is about forty percent. More massive main sequence stars will lose a larger fraction of their mass, so our model provides a lower limit of the effects of mass-loss on the orbital distribution of the cometary bodies.
For the MESA models, we used SVN revision 5456 and started with the model 1M pre ms to wd in the test suite. We changed the parameters initial mass and initial z of the star (respectively, the star's mass and metal content at the beginning of the simulation) and adjusted the parameter log L lower limit to −6, which means that we set the stopping condition for the simulations when the star's luminosity is less than 10 −6 L , so that the simulations run well into the white dwarf cooling regime. For the mass-loss on the red-giant branch we used the Reimers (1975) value,
where M , R and L are the star's mass, radius and luminosity respectively. ηRGB is a constant that determines the efficiency of the mass-loss on the RGB. On the asymptoticgiant branch we use the Blöcker (1995) formulȧ
where ηAGB is a constant that determines the efficiency of the mass-loss on the AGB. We reduced the value of ηRGB to 0.1, 0.3 and 0.6 (from the default of 0.7) in the range of Miglio et al. (2012) and we used higher values of ηAGB as outlined in Table 1 . These parameters yield a white dwarf whose mass is about 0.53 solar masses (Renzini & Fusi Pecci 1988; Moehler et al. 2004; Kalirai et al. 2009 ) from the 0.9 solar mass progenitor. The MESA models are consistent with the observed MV of the tip of the TP-AGB (Lebzelter & Wood 2005) which is sensitive to the mass of the resulting WD and with the observed cooling curve of the white dwarfs . Table 1 summarizes the results of the various wind models using MESA. Essentially, the first wind parameter, ηRGB, can be tuned to change the amount of mass-loss on the red-giant branch and, therefore, the mass of the horizontal branch (HB) stars. The value of the second parameter, ηAGB, does not affect the final mass of the white dwarf but rather determines whether the mass-loss on the AGB will be more or less pulsed and the thickness of the residual hydrogen layer on the white dwarf . Since the final mass is determined by the evolution on the RGB, the amount of mass that is lost on the AGB is fixed. If the efficiency of the mass-loss on the AGB is poor (ηAGB is small) then little mass is lost over time, until the system becomes unstable and the bulk of the mass is lost in outbursts. Thus, a low value of ηAGB corresponds to a pulsed mass-loss. Mass of a star that will become a modern-day white dwarf as a function of its age for the MESA models. The first epoch of mass-loss in the model is as a red giant and the second is as an asymptotic giant star. The curves trace the mass-loss for η RGB = 0.1 (blue), 0.3 (green) and 0.6 (red) from top to bottom with the other quantities given in Table 1 . Heyl et al. (2015) found that the bulk of the mass-loss of the stars that are now becoming white dwarfs in 47 Tucanae occurred on the AGB, and Parada et al. (2016) found that the mass of the horizontal branch stars in the same cluster is greater than 0.81M . Our focus will be on the models with the largest HB mass of 0.86M and ηRGB = 0.1. To understand the role of how the mass is lost on the AGB, we also consider models of ηAGB = 0.21 and 0.516. These models appear identical to the blue model in Fig. 1 , but the lower value of ηAGB results in a more pulsed mass-loss during the AGB, as depicted in Fig. 2 . We also examine two models with the bulk of the mass-loss on the RGB resulting in a horizontal branch star of 0.63 solar masses, one with smooth mass-loss and one more pulsed.
Strong evidence for a pulsed mass-loss during the final stages of the AGB evolution is provided by observations of planetary nebulae. A recent analysis of proto-planetary nebulae and planetary nebulae observations from the Hubble Space Telescope and the Spitzer Space Telescope, found that about eight percent of these objects present rings and arcs around them (Ramos-Larios et al. 2016) . These rings are commonly interpreted as quasi-periodic enhancements in the mass-loss rate and the time lapse between them varies between 100 to 2000 years. Balick et al. (2001) estimate for NGC 6543 (the Cat's Eye Nebula) that the mass of each ring is approximately 0.01 M and that the star lost about a tenth of a solar mass over about 10,000 years. These pulses are even more pronounced than the ones we obtain in our models. . Mass-Loss rate of a star that will become a modernday white dwarf as a function of its mass for the MESA models. The first epoch of mass-loss in the model is as a red giant and the second is as an asymptotic giant star. The values of η are the same as in Fig. 1 (for red, green and blue). Two additional models are depicted with η RGB = 0.1 and η AGB = 0.21 (magenta) and 0.516 (cyan) and one has η RGB = 0.6 and η AGB = 0.1 (ochre). Black solid lines, from top to bottom: orbital angular frequencies at the inner, inner to outer, outer edge of the Oort Cloud.
EVOLUTION OF THE COMETARY POPULATION
In Fig. 2 , the mass-loss rate for each model is plotted as a function of the instantaneous mass of the star. The increase in the mass-loss rate on the leftmost side of each curve corresponds to the RGB. As the stars reach the HB, the mass-loss rate decreases dramatically; this phase is evident in Fig. 2 as a dip in the mass-loss. When a star leaves the HB and rises up the AGB, it loses mass quickly; however, for smaller values of ηAGB and larger values of the mass of the HB star, the stars reach higher peak mass-loss rates. In order to understand the effect of the mass-loss on the evolution of objects orbiting around the star, we plotted on the same figure (black solid lines), superimposed from top to bottom, the orbital angular frequencies for objects at the inner edge of the inner Oort Cloud around the Sun (2,000 AU), at the transition between the inner and outer Oort Cloud (20,000 AU) and at the outer edge of the outer Oort cloud (50,000 AU; Dones et al. 2004) . If the mass of the star changes little over the course of an orbit, the orbits simply expand as the product M a of the mass and the semi-major axis is an adiabatic invariant. Furthermore, the shape of the orbit remains constant in this process (Heyl 2007) . On the other hand, if the mass changes substantially over the orbital period, the mass-loss is impulsive from the point of view of the comet, so the shape of its orbit will change. This figure gives us a sense of the fate of the Oort cloud, and, if we consider that the progenitors of the white dwarfs for which we see metal lines had cometary clouds similar to that around the Sun, it provides a mechanism to disturb the Oort cloud and possibly deliver cometary material inward. First, we see that, for models where the horizontal branch star has a small value, such as 0.63M , the mass-loss rate on the AGB never exceeds the orbital frequency at the outer edge of the solar system, except for very short periods of time, so the entire cometary system will expand adiabatically during the RGB and AGB, yielding a slight increase in cometary infall due to passing stars as in our solar system. On the other hand, for larger horizontal branch masses, we have a mixture of adiabatic and impulsive evolution within the cometary system. In particular, as the value of ηAGB decreases and MHB increases we have a large fraction of the cometary system evolving impulsively.
To examine this further, we develop a simplified model to track the evolution of an initial distribution of cometary bodies that are evenly spaced in log a (Dones et al. 2004) . Instead of following the evolution of each orbit, we use the fact that M a is an adiabatic invariant to track the evolution of comets with short period orbits, while we keep the true anomaly fixed for comets with long period orbits (outside of the adiabatic regime) as we change the star's mass (we call this regime impulsive).
To estimate the impulsive evolution we use the relation between the semi-major axis and the energy
where M is the mass of the star and a, µ and v are the semimajor axis, the mass and the orbital velocity of the comet. This relation holds true both before and after the mass-loss, but of course the value of the energy changes due to the mass-loss. Solving for a yields
and we take everything fixed on the right-hand side except for the mass M to get
where θ0 is the true anomaly along the orbit when the massloss occurs and e is the eccentricity. As a check, we look at the average behaviour over an ensemble of comets in a particular orbit. The time average of cos θ is:
Where we used the method of residues. Substituting in Eq. (5):
We find that on average, the comets follow an adiabatic evolution, as expected. In general, the change of a in the impulsive limit depends on the eccentricity and on the true anomaly at the moment of the impulsive mass-loss. We must then find an expression for the impulsive evolution of the eccentricity as well. Let us start with the value of the eccentricity
where L is the orbital angular momentum. Again we take everything fixed on the right-hand side except for the mass M to get
Using the results from Eq. (6), we obtain the orbit-averaged value of
Again, we find that the average behavior corresponds to an adiabatic expansion. Eq. (5) and Eq. (9) are equivalent to those derived by Veras et al. (2013) (their equations 24 and 25), but in our calculations we keep the true anomaly fixed as we change the star's mass. We do not consider the effects of white dwarf kicks, so we do not have to keep track of the orientation of the orbit. An important subtlety of Eq. (9) is that the bulk of the comets move to slightly smaller eccentricities and that this is balanced by a fraction whose eccentricities increases by a larger amount. We treat the transition from the adiabatic to the impulsive regime using a formalism inspired by the LandauZener formula (Landau 1932; Zener 1932; Wittig 2005) . We estimate the probability that the orbit fails to evolve adiabatically as the value of M changes to be
where Ω is the orbital angular frequency. We take the evolution of the semi-major axis of an orbit to be given by the following equation
so when the fractional change in mass during an orbit is small, the semi-major axis increases adiabatically as 1/M . On the other hand, when the change is large, a follows the impulsive evolution. Of course, this is a drastic simplification of the dynamics, but it will give a sense of the resulting distribution, at least on average. We motivate the validity of the LandauZener formula (Eq. 11) by calculating the mean of cos θ over an interval of time ∆t and comparing it to the mean over many orbits, the adiabatic limit of −e, and to the impulsive value cos θ0. To start the calculation, we first solve for P in Ω∆t Figure 3 . The pink dots show the mean value of cos θ over an interval of time compared to the values in the impulsive limit cos θ 0 and the adiabatic limit −e. The red curve is the median over a sample of the integrations. The blue curve is the LandauZener interpolation that we use (Eq. 11), and the green curve represents the same function with an exponent of unity.
Eq. 12
= −e − cos θ −e − cos θ0 = e + cos θ e + cos θ0 .
The adiabatic value of d ln a/d ln M simply corresponds to the average over many orbits with the parameters kept fixed, while the impulsive value is the instantaneous value when the mass changes. We would like to obtain an estimate of the appropriate average value of d ln a/d ln M to use when the mass-loss rate is intermediate between these two extremes.
To do this, we calculate the time average of cos θ for an interval of time and find the appropriate average value of P , P , to use in the orbital evolution. What is important is the number of orbits over which the averaging is calculated or the total change in the mean anomaly Ω∆t. For each of these averages we hold the mass of the star fixed, so the orbital parameters are fixed as well. When we integrate Eq. 12, over each step the mass changes by less than one part per thousand; therefore, this is a reasonable approximation. For each time average, we choose an initial mean anomaly randomly from a uniform distribution and an eccentricity from a distribution uniform in e 2 . The pink dots in Fig. 3 depict the results of the individual calculations, where we varied the initial values of the mean anomaly, the eccentricity and the duration of time average (∆t). When the average is over an integral number of periods (that is, when Ω∆t ≈ 2π, 4π . . .), the average of the cosine yields the adiabatic value, so P vanishes. This is apparent in the beat pattern in Fig. 3 . Furthermore, the average approaches the adiabatic value for large values of Ω∆t so the magnitude of P decreases.
In our simulations, as we evolve the orbital parameters for each object using Eq. 12, we do not wish to keep track of the phase of the orbits themselves, but we want to approximate the behavior using an appropriate mean value of P , so we calculate the median value of P over the time averages for a particular duration Ω∆t. The red curve depicts these median values. The blue and green curves show the LandauZener interpolation formula with an exponent of three and one respectively. We find that the expression in Eq. 11 (blue curve) yields the best interpolation for the median behavior. For this reason, we employ the Landau-Zener formula with the exponent of three in this paper's simulations. As a check, we also ran the same simulations for an exponent of one and we found a similar number of perturbed comets.
In the calculations shown in Fig. 3 , we see the ambiguity in the boundary between the adiabatic limit and the impulsive limit. We integrated over various numbers of orbits in time, i.e. Ω∆t, to get a sense of the form of the best interpolation. However, the relationship between Ω∆t and ΩM/Ṁ is still arbitrary, as it reflects the arbitrariness of the π/2 prefactor. We find that the simulations are on average halfway between the two limits for Ω∆t ≈ π, which yields Ω∆t ≈ 4.6 ΩM/Ṁ when we fit the behavior in Fig. 3 with Eq. 11. Our stars experience a wide range of mass-loss rates, and we also simulate orbits with a wide range of Ω, so we argue that our results are robust against changes in the prefactor.
In the next section, we show the results of simulations in which we employ this formalism to evolve the orbits of a sample of comets with an initially uniform distribution in log a (Dones et al. 2004 ) and a distribution of eccentricities which is proportional to the eccentricity itself (Stone et al. 2015) . For each comet, we pick a random number between 0 and π for the mean anomaly M . We use this same mean anomaly for all of the impulsive evolution. For each step of the mass-loss we calculate the corresponding true anomaly using Kepler's equations:
where E is the eccentric anomaly and θ is the true anomaly.
THE ROLE OF THE PLANET
In our simulations, we hypothesize the presence of a planet, between Mars and Neptune in size, with a semi-major axis ap close to the Oort Cloud (e.g. Planet 9, Batygin & Brown 2016; Malhotra et al. 2016) . Because the mass of the planet is small (less than that of Saturn), we expect the overlap of the major mean-motion resonances (e.g. 3:2 with 5:3 and 7:5) to be small as well (Malhotra et al. 2016) . The minimum mass of Mars is chosen so that the scattering rate is sufficiently large to drive planetesimals inward (Morbidelli et al. 1995; Bonsor et al. 2012) . Before the onset of the mass-loss, we assume the star system to be relaxed. Thus, we expect the comets to lie both within the low-order resonances depicted in Fig. 4 and in the region where they do not cross the planet's orbit. Additionally, we assume no comets in the region with semi-major axes close to that of the planet (Wisdom 1980; Duncan et al. 1989) :
for convenience, we will call this chaotic region the WisdomDuncan region, as its expression was derived analytically by Wisdom (1980) and we chose the factor 1.49 from posterior numerical refinements, such the ones by Duncan et al. (1989) . This region plays a dominant role only for comets with low eccentricity. We assume that the libration timescale (a few Myr, Malhotra et al. 2016 ) is much longer than the mass-loss timescale so we ignore the direct effect of the planet on the orbits during the mass-loss itself. Fig. 4 depicts the width of the Wisdom-Duncan region near to the planetary orbit (green lines), the region in which the orbits cross the orbit of the planet (above the red lines) and the resonance regions (between blue lines). We focus on the first-order 3:2 and 2:3 resonances and the nearby secondorder 5:3, 7:5, 5:7 and 3:5. The extent of these resonances regions is given by (see Eq. 8.58 of Murray & Dermott 1999) |a − αap| ap < 16 3
where α is the ratio of the semi-major axis at the resonance to that of the planet and f d (α) ranges from 2 to 9 depending on the resonance. Its values are tabulated in Tab. 8.5 of Murray & Dermott (1999) for the resonances of interest. For the second-order resonances, |j4| = 2 and for the first-order resonances, |j4| = 1. Furthermore, for these first-order resonances there are additional terms that increase the width of the resonance that become important for low eccentricity (e 0.1) (see Fig 8. 7 of Murray & Dermott 1999) . We can neglect these corrections here because we are only interested in the resonance regions where the orbits of the planetesimals cross that of the planet (above the red line in Fig. 4) , i.e. e > 0.2. The lower-order resonance regions do not overlap for a planet of Neptune mass. They begin to overlap at the mass of Saturn, so comets that end up in these regions make a sub-dominant contribution. We now distinguish three cases:
(i) The planet is well within the region evolving adiabatically (ap 2 × 10 3 ). This case is the only one appropriate if the bulk of the mass-loss happens during the red-giant branch phase. It also applies to Neptune and the Kuiper Belt objects in our own solar system.
(ii) The planet is in the adiabatic region but it is close enough to the impulsive region (2 × 10 3 ap 6 × 10
3 ) that many comets can end up on planet-crossing orbits after the mass-loss; either this case or the final one might apply for Planet 9; and (iii) Both the planet and its resonances are in the region that will evolve impulsively (6 × 10 3 ap 5 × 10 4 );
If we assume that the cometary objects are uniformly distributed in log a and e 2 as we do here, the fraction of objects that end up in chaotic regions after the mass-loss increases monotonically from the first case to the third.
In the first case, both the orbits of the comets and the planet will evolve adiabatically, so comets will typically not end up in the orbit crossing regions, but the fraction within the Wisdom-Duncan region will grow by 50% due the massloss from 0.9 to 0.53 solar masses that we consider here or about three times larger for a mass-loss from 2 to 0.6 solar masses, so comets can end up within the chaotic regions due to the expansion of these regions. This growth in the Wisdom-Duncan region will typically bring a fraction of about 6 × 10 −5 of the planetesimals into chaotic orbits. Because we will only simulate about 10 4 planetesimals, we do not expect any of our simulated objects to fall into this chaotic region. Additionally, some comets that are initially in resonance can fall out of resonances because we assume in general that the resonant trapping times are longer than the mass-loss timescale, and the evolution is not strictly adiabatic. In the second case, the planet's semi-major axis is close to the adiabatic-to-impulsive transition region, so comets in the impulsive region will cross the orbit of the planet. Low-eccentricity comets (e 0.1) will not interact with the planet after the mass-loss except for those initially close the planetary orbit, and only due to the increase in the width of the Wisdom-Duncan region. In the final case, we expect an higher number of comets to move into the planet-crossing region.
We simulate the evolution of about 7,500 comets for the cyan mass-loss model (Fig. 2) , which has a long-duration epoch of rapid mass-loss and a high mass on the horizontal branch. Additionally, we run the same simulation for the magenta model of Fig. 2 , which undergoes a more pulsating mass-loss but has a shorter epoch of rapid mass-loss. We pick three different values for the initial semi-major axis for the planet: 10 3 AU (case i), 4 × 10 3 AU (case ii) and 10 4 AU (case iii). In all cases, we choose the closest object to the selected semi-major axis with low eccentricity among the simulated ones to be the planet. Tab. 2 gives the number of comets on initially resonant and non-resonant orbits and the number that end up unstable after the mass-loss for each model. The initial and final distribution of comets are shown in Fig. 5 for case ii and iii of the cyan model. The left panels depict the initial (upper left panel) and final (lower left panel) orbital parameters of the cometary population for a planet initially at 4×10 3 AU (case ii), while the right panels depict the initial (upper right panel) and final (lower right panel) distribution of comets for a planet initially at 10 4 AU (case iii). The green lines indicate the Wisdom-Duncan region; the semi-major axis of the planet before and after the mass-loss is indicated by the midpoint between the lines. The red lines delimit the planet's orbit-crossing region. The mean motion resonances are not indicated by lines, but all the stable (blue) comets above the red lines lie in the resonances. Blue dots represent stable comets; pink squares are comets that were initially stable because they were in a resonance and which fell off the resonance during the mass-loss; yellow triangles represent comets that were initially outside of the planet-crossing region and that entered it during the mass-loss phase.
The percentage of comets ending on unstable orbits increases as the initial semi-major axis of the planet gets closer to the impulsive region, as expected. It is also interesting to see the difference in the results between the cyan and the magenta models. In the case of the magenta model, the mass-loss pulses are more intense and, as we can see in Fig. 2 , during pulses the mass-loss rate is comparable with the orbital frequency of objects as close as 3000 AU. For this reason, some of the comets at 1000 AU evolve sufficiently impulsively to end on unstable orbits, while for the cyan model, where the mass-loss rate never reaches high values, we do not see any. On the other hand, the total number of comets that end up on unstable orbits depends on how much mass is lost when the mass-loss rate is comparable to their orbital frequency. In the magenta model, mass-loss is on average less rapid than in the cyan model, and this results in a smaller number of comets ending up on unstable orbits in cases ii and iii.
THE UNSTABLE PLANETESIMALS
After the orbits of the planetesimals become unstable, they may form a debris disk as in the case of the Helix Nebula (e.g Su et al. 2007) or fuel late, long-term pollution of the white dwarf atmosphere (e.g Debes & Sigurdsson 2002) . In the first case, the total mass needed to account for the infrared emission from the debris disks is up to 0.1 M⊕ (Su et al. 2007 ) and it must be delivered within a few million years to about 50 AU from the star. On the other hand, the mass required for the metal pollution of the atmospheres of older white dwarfs is much more modest, perhaps as little as 10 −3 M⊕, but it has to be delivered over hundreds of millions of years to a much shorter distance to the star (Debes & Sigurdsson 2002) .
If the planet lies well within the adiabatic region, the fraction of comets that can be scattered after the mass-loss is quite small and depends on how pulsating the mass loss is. From left to right: left panels, case ii (4,000 AU); right panels, case iii (10,000 AU). Blue points are comets on stable trajectories. They either lie within resonances or outside the planet-crossing region. Pink are comets that initially were in resonance but have fallen out. Gold are comets that entered the planet-crossing region.
Just above 7,500 particles were simulated here, so we would not expect any to enter the Wisdom-Duncan region. Using the size of the Wisdom-Duncan region (Eq. 18), we find that, for a Neptune mass planet, the adiabatic increase in the size of this region will result in a few 10 −5 of the population on chaotic orbits after the mass-loss. This fraction is proportional to the mass of the planet to the power of 6/7. It also strongly depends on the assumed distribution of eccentricities. If the eccentricities are distributed uniformly instead of P (e) ∝ e, the fraction increases by a factor of ten and is proportional to m 4/7 p . In both of these cases, this amount is sufficient to produce a debris disk if the total mass of the planetesimals exceeds ten Earth masses (Stone et al. 2015) . The rate at which the comets are scattered by the planet increases as the mass of the planet (Malhotra et al. 2016; Bonsor et al. 2012 ) and equal numbers of comets are scat-tered in successive factors of ten in time (Morbidelli et al. 1995) .
If the planet lies within the impulsive region or near to it, about 0.6% of the comets will end up on planet-crossing orbits after the mass-loss. Therefore, a planet with a much smaller mass than that of Neptune would be sufficient to result in a large fraction of the comets scattered. We consider the mass of Mars as a lower limit because, even if its mass is apparently sufficient to clear its neighbourhood, at least in our solar system, for such a small mass planet the scattering rate will also be small (Morbidelli et al. 1995; Bonsor et al. 2012) , so whether the comets are delivered quickly enough to the inner regions to account for the debris disks and metal lines is not clear. An additional 1.5% falls out of the resonances and can ultimately be scattered as well. For the most impulsive case iii, this is nearly the entire initially resonant population. To conclude that these comets fall out of the resonances, we have assumed implicitly that the libration timescale is long compared to the mass-loss timescale (see § 4). Therefore, in this situation, if the total mass of planetesimals exceeded 6 M⊕, the mass of perturbed planetesimals would exceed 0.1 M⊕, sufficient to account for the observed debris disks (e.g. Su et al. 2007 ) if most of the material can reach about 50 AU where the debris disks lie.
Both scenarios can explain white dwarfs' metal lines and debris disks depending on the mass of the reservoir of planetesimals in the star system. In our solar system, we have two possible cometary reservoirs: the Kuiper belt, which lies completely in the adiabatic region (for the mass-loss scenarios considered here), and the Oort cloud, which lies at the border between the adiabatic and the impulsive region. According to the current estimates, the mass of the Kuiper belt is less than 0.1 M⊕, but perhaps an initial mass 100 to 1,000 times larger is required to explain the observed binaries and the abundance of the refractory materials in the giant planets (Delsanti & Jewitt 2006) . What, if anything, eroded the Sun's Kuiper belt is an open question. However, if the prewhite-dwarf star had an un-eroded belt of planetesimals similar to that the Sun had, this would yield 10 − 100 M⊕, in excess of what is needed to explain the formation of debris disks through the dynamical model presented here. At the upper end of this mass range, even in the case where both the planet and planetesimals lie in the adiabatic region, sufficient planetesimals could be directed inward to form the debris disk.
Estimates of the mass of the Oort cloud are subject to great uncertainties, especially regarding the number of objects in the inner Oort cloud. Current values range from about seven to forty Earth masses (Weissman 1996; Dones et al. 2004; Francis 2005; Brasser 2008 ). In our solar system, the Oort cloud is eroded in time due to the interaction with planets, passing stars and giant molecular clouds and due to the Galactic tidal field (Wiegert & Tremaine 1999) . The initial mass of the Oort cloud is estimated to have been between 40% (Duncan et al. 1987 ) and 80% (Weissman 1985) larger than what it is now. The Sun, however, lies in a dense region of the galaxy, close to the middle of the Galactic plane; star systems further away from the Galactic plane may experience a less dramatic erosion of their cometary population due to fewer encounter with passing stars and molecular clouds. Moreover, the progenitors of the polluted white dwarfs that we observe lived a shorter life compared to our Sun, and so they are likely to have retained more comets than our Sun has up to its current age.
CONCLUSIONS
We present a model with realistic mass-loss on the AGB and a heuristic approach to the orbital evolution of the exoOort cloud and exo-Kuiper belt to calculate the evolution of a population of exo-comets as a white dwarf is formed. If the cometary population has a planetary mass within it, as there are hints in our own solar system (Batygin & Brown 2016) , comets initially on stable orbits can end up on chaotic orbits either due to the expansion of the chaotic regions (this expansion was first pointed out by Debes & Sigurdsson 2002) or to impulsive evolution, and can be directed toward the inner stellar system.
An important subtlety here is that, if the mass-loss occurs on the red-giant branch, the comets can only end up in the chaotic regions due to the expansion of these regions. More importantly, in this case the comets fall into the chaotic regions while the star is still a red giant. Thus, it is most likely that they will end up in the inner regions during the horizontal branch phase, so the resulting debris disk will be destroyed as the star ascends the AGB.
We have not discussed here the formation of the debris disk and how precisely metals are supplied to white-dwarf atmospheres. Stone et al. (2015) explored these issues in detail, and their model would apply here as well. The primary difference is how the comets end up on orbits that plunge close enough to the star that they sublimate. Stone et al. (2015) rely on the white-dwarf getting a kick during the mass-loss, while we assume that a planet of at least the mass of Mars lies at a similar semi-major axis to the comets. The key missing ingredient in the model here that will require more detailed simulations is an estimate of the fraction of comets in the chaotic regions or on planet-crossing orbits that are scattered toward in the innermost regions of the system. The requirements are not terribly stringent because a large fraction of the comets can end up on these perturbed orbits. In our solar system, the closer-in planets scatter many of the objects that come close enough to the star to sublimate. In the evolutionary path calculated in this paper, however, due to the fact that during the RGB the star does not lose much mass, a star like our Sun would expand to large radii during the AGB stage, vaporizing the planets within about 5 AU and thus clearing the inner stellar system of additional scatterers (see also Debes & Sigurdsson 2002) .
In the paper we considered two possible reservoirs of planetesimals: the equivalents of our Kuiper belt and our Oort cloud. We showed that both types of reservoir can supply the amount of comets needed to pollute white-dwarf atmospheres and create debris disks if a planet is present at a similar semi-major axis, with the Oort cloud being a better candidate because it lies at the border between the adiabatic and the impulsive region and because it has a bigger cometary mass. We did not consider the possibility of the polluting planetesimals coming from an inner region like our asteroid belt. In the solar system, the asteroid belt is shaped by the interaction of mean-motion resonances and secular resonances (e.g Murray & Dermott 1999 ). An analysis of the asteroid belt's dynamics is well beyond the scope of this paper and would probably not be applicable to other stellar systems. However, the presence of a planet shepherding these inner planetesimals is likely to be a robust feature. In that case, as the star loses mass, the Wisdom-Duncan region of the planet grows and perhaps other resonances overlap if the mass of the planet is at least that of Saturn. This would cause a large fraction, perhaps as large as 10 −2 for a Jupiter-mass planet, of the planetesimals in the belt to end on chaotic orbits after the mass-loss. If the mass of planetesimals in the inner region exceeded 0.1 M⊕, this scenario would be sufficient to account for the formation of a debris disk. This is not the case for our solar system, where the total mass of the asteroid belt is only 5 × 10 −4 M⊕. In conclusion, the final rapid mass-loss of a star can restructure the system of planets and planetesimals surrounding it. If the regions of planetesimals in the stellar system are essentially bounded in phase space by the influence of planets (as in our solar system), the expansion of the chaotic regions into formerly stable regions can fuel a late and somewhat heavy bombardment of the inner stellar system. On the other hand, if a planet lies further out, approaching or within the region when orbits respond impulsively (e.g. Planet 9), the scrambling of the cometary orbits and the planetary orbit will result in the scattering of an even larger fraction of the planetesimals. In all these cases, the mass of the planetesimals scattered can be sufficient to account for the debris disks inferred around white dwarfs and for the metal lines in their spectra.
